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ABSTRACT

Monson has successfully calculated the solid-liquid transition temperature of various substances by
modeling their molecules as hard dumbbells, with subsequent perturbative addition of quadrupole
moment and van der Waals attractive terms. He aso has shown that the solid free energy of the
reference hard dumbbell system can be calculated accurately from the cell model of Lennard-Jones
and Devonshire, and calculated one-body partition functions by Monte Carlo integration. In this
work it is shown that for fixed orientation of the test molecule, the free volume can be calculated in
closed form, thereby requiring numerical integration only over angular variables. The calculation is
explicitly performed in two dimensions and the feasibility of the method is demonstrated in three

dimensions.
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1. Introduction

Molecular shape is very important in determining the freezing point of a substance, much more
so than for fluid properties. A good example is behavior of the pentane isomers, n-pentane,
isopentane, and neopentane. These isomers have nearly the same critical temperatures, respectively
469.7 K, 460.4 K, and 433.8 K, but very different freezing-point temperatures ( or, aimost
equivaently, triple-point temperatures), respectively 143.4 K, 113.3 K, and 256.6 K [1]. Asthis
example makes clear, the more irregularly shaped a molecule, the more difficult it is to arrange a
system of them in asolid lattice, and any theory of solid-liquid equilibria ( SLE ) applicable to awide
variety of substances must explicitly account for molecular shape.

A very promising theoretical approach for SLE has recently been developed by Monson and
co-workers, in which molecules are first modeled as rigid assemblies of hard spheres, with van der
Waals attractive terms and quadrupole moments then introduced as perturbations [2-6]. Simple
symmetric, dightly elongated molecules have been modeled as hard homonuclear dumbbells[2,3],
and propane has been modeled as an assembly of three hard spheres at fixed bond angle [4]. The
theory has predicted semi-quantitatively the large ratio of triple-point temperature to critical
temperature of carbon dioxide and acetylene [2] and the small ratio for propane [4]. Applications
have been made to heteronuclear dumbbells [7] and appear feasible for awide variety of molecular
shapes as assemblies of hard spheres with differing radii.

Both the solid and liquid phases require calculation of free energies, but here we will only
consider the solid phase. The hard particle system can be smulated, but Monson and co-workers
have shown that the cell model of Lennard-Jones and Devonshire [8] can yield afree energy in close
agreement with simulation, but with much less computer time. The cell model assumes a test
moleculeis confined in acage of fixed neighboring molecules of a specified lattice structure, and the
solid partition function Q,, is caculated in terms of the free volume (in position and orientation space)

of the test molecule. In particular , Q, = N!QY, where:

Q, = [(2d-2)n|*[dQ[dr exp|-u(r,Q)/kgT] (1)



Hered = 2 or 3isthe dimension, Q isthe ( plane or solid ) angle, r is the position vector, u is the
potential energy, kg is Boltzmann's constant and T is temperature. For hard systems, the exponential
term isether zero or one, so theintegra isthe free volume. In three dimensions, the five-dimensional
integral of Eq. 1 has previously been evaluated by Monte Carlo integration [2,6]. In thiswork, we
examine the possiblity of performing the spatial integration analytically, thus reducing the expression
to atwo-dimensiona angular integral. With such areduction, the integral

can be caculated efficiently by polynomia quadrature techniques such as Gauss-Legendre or
Clenshaw-Curtiss [9] with significantly less time and greater accuracy than by Monte Carlo
integration. A more efficient integration method then enables calculation over a wider range of
molecular, density, and lattice parameters.

While our primary case of interest is the three-dimensional solid, the two-dimensional solid is
an instructive simplified prototype that has been the subject of previous analysis, particularly by
Wojciechowski and co-workers[10,11]. Inthiscase, Eq. (1) reduces to integration over one angular
and two spatial variables. For the two-dimensional solid, we show how to calculate the reduced
partition function as a numerical integral over a single angular variable, and demonstrate the

feasiblility of performing the analogous calculation for a three-dimensional solid.

2. Partition function calculation for two-dimensional cell theory

A test molecule at fixed orientation can slide along the edge of afixed cage atom as shown in
Figure 1. Inthe most genera case, R isthe radius of the hard sphere cage atom, r is the radius of an
atom on the test molecule, e is the unit vector along the axis of the test molecule (which we can take,
at first, to be along the x axis), and L is the distance from the center of the test atom to the test
molecule center of mass. As specified by Monson and co-workers in reduced units for homonuclear
dumbbells,r =R =1/2and L =L/2, where L isthe bond length. If the center of the atom on which
the dumbbell didesisthe origin, (0,0,0), the equation for the position of the dumbbell center of mass

in three dimensions (X,y,2) is:



(x-L)? +y? + 22 = (R + 1) )

which aso holds for two dimensionsif z = 0. More generally, for any direction of e, the center of
mass moves along a sphere or circle of radius ( R + r ) centered at the point (r, +e L ), wherer, is
the center of the cage molecule sphere on which the test molecule slides.

In two dimengons, a fixed orientation the test molecule can thereby occupy a region bounded
by a series of arcsof circles centered at points displaced from the cage atom centers by a vector + e
L’/2. These arcs describe the diding by either the left or the right disk of the test molecule on cage
molecules.

Figure 2 shows the smplest two-dimensiona hard dumbbell |attice, defined by Wojciechowski
[11] asthe smple oblique lattice. The lattice has been expanded linearly by 25% from the case of
close packing, and only those molecules which touch the test molecule at close packing are shown
as cage molecules with assigned numbers. Paras, et a. [6] have demonstrated that the lattice
structure at the phase trangtion has axis angles approximately in the same direction as those of close
packing, so our particular examples will be that type of expansion.

In Fig. 2, we show the test molecule in different positions and illustrate our definitions of a
bridge, bay, and waist for the cage with the test molecule at fixed angle 0 (positive if
counterclockwise, negative if clockwise). For different intervals of 0, the boundary of the available
area for the test molecule is bounded by a series of arcs as shown in Fig. 3, where the corners
correspond to bridges, bays, or waists as the test molecule dides aong its confining path. For small
clockwise 0, the path is: Start with 1R in 7R-2L bay; 1R dlideson 2L to 2L-3L bay; 1R on 3L to
3L-4R bridge; 1L on 4R to 4L-4R waist; 1L on 4L to 5R-4L bay; 1L on 5R to 5R-6R bay; 1L on 6R
to 6R-7L bridge; 1R on 7L to 7L-7R waist; and 1R on 7R to 7R-2L bay, the starting point.

As shown in Fig. 3, the path is described by arcs of circles with centers displaced from the
centersof the cage discsby eL'/2 (e =e, cos 0 + e, sin 0) if 1L isthe contact disk, or by -eL’/2 if 1R

isthe contact disk. We denote these displaced centers by NL+ or NR+ if displaced by eL"/2 and



NL- or NR- if displaced by -eL"/2 . The above path then may equivalently be described by arcs from
the following sequence of centers: 2L -,3L-,4R+,4L+,5R+,6R+,7L-, and 7R-.

The free area boundary paths are qualitatively different for different intervals of 0. Transition
angles, which depend on L, the lattice expansion, and more generally the lattice angles, may be
calculated in closed form by simple geometric considerations. They follow a specific qualitative
pattern as long as the expansion parameter is not too large. Asan example, for L* = 0.5 and 15%
expansion, the previous description holds for 0.0° > 0 > -8.027°, which is the first clockwise (CW1)
interval. The other paths for clockwise O are as follows:

CW2: -8.027° >0 >-27.611°; 2L-,4R+,4L+5R+,7L-,7R-.

CWa3: -27.611° > 6 > -31.115°; 4R+,4L+,7L-,7R-.

CW4: -31.115° > 6 > -31.832°; 4R+,4L+,7L- or 4R+,7L-,7R-.
and the paths for counterclockwise theta are:

CCW1: 0° <0 < 8.618°; 2L-,3L-,4R+,4R- 4L - 5R+,6R+,7L-,7L+.

CCW2: 8.618° < 0 <18.426°; 2L-,3L-,4R-,5R+,6R+,7L+.

CCWa3: 18.426° < 0 < 34.973°; 3L-,4R-,6R+,7L+.

CCW4: 34.973° <0 < 38.307°; 3L-,4R-,7L+ or 4R-,6L+,7L+.

Boundariesfor the largest counterclockwise angles are shown in Fig. 3b. In this case the test
molecule is nearly wedged into either the 6R-7L bay or the 3L-4R bay, but cannot move from one
to the other, so the adlowed areais given by the two small disconnected triangle-like areas. As 0
approaches its maximum possible value of 38.307°, these small areas shrink to zero.

Figure 4 shows the analytically calculated free area for this example as afunction of 6 and by
angular interval. The areais continuous but has discontinuous dervatives at the transition angles, so
the most accurate way to integrate the area A (0) is by polynomial quadrature for each separate
interval. When evaluated in such a manner by Clenshaw-Curtis integration [9], the integral for this
exampleis (2n)*[A(0)d0 = 1.04 x 10,

3. Methods for three-dimensional free volume calculation



In thiswork for three dimensions, we do not explicitly carry out a cell mode calculation asin
the two-dimensional case, but we demonstrate the feasibility of such a calculation. The method
should be applicable to any lattice of rigid assemblies of hard spheres, but we can consider, as the
simplest case, ahomonuclear hard dumbbell lattice structure such as CP1 of Vega, et a. [5], in which
all molecules are oriented in the same direction. Such a lattice is similar to that of Fig. 2 in that
moleculesin arow adong the (danted) y direction lie in a plane, but those to the left are dightly into,
and those to the right dlightly out of, the plane of the figure. There are additional molecular layers
into and out of that plane, so that the cage in this case has twelve, rather than six, molecules.

The orientation of the test molecule is specfied by two angles, which can be spherical angles 0
and ¢ relative to an axis oriented in the direction of the lattice molecules. Since Eqg. 1 applies aso
in three dimensions, the free volume at fixed orientation is now bounded by spherica surfaces
anaogous to the previous arcs of circles. In fact, the free volume is the hollow space bounded by a
number of spherical polygons generated by the intersection of spheres with centers displaced by the
cage dumbbell spheresby eL"/2 or - eL"/2; a space that can be visualized as like a geodesic dome
with convex windows as viewed from the inside.

The objective then is to calculate the volume of this hollow space. While an initial calculation
shows that the spherical polygons can have as many as sx sSdes, they can be subdivided into spherica
triangles such that the corners of the triangle form aplane. A skewed pyramid can be formed from
the cage center to the plane triangle, the volume of which is easily calculated as one-third the triangle
area times the perpendicular drop from the center. The contribution of a given triangle to the free
volumeisthe volume of the skewed pyramid minus the volume of the spherical triangle protrusion.

For a given spherical triangle protrusion, let us orient the axes of the sphere such that its
primary axis, the z direction, is perpendicular to the plane of the triangle. The protrusion then can
be divided into three volumes as shown in Fig. 5. We can orient this volume such that the (x,y,z)
position of the two vertices of the original spherical triangleare A = (X, Yo, Z, ) @d B = (X, Yo, Z0)
with x, = ay, and y, = bz,. Here (0,0,1) isthe pole of the sphere P. Note that there are only two

independent variables, for example x, and b, due to the constraint x3 + y2 + z 2 =1. The



volume of Fig. 5 is constructed by dlicing the sphere by the horizontal plane z = z, from below, the
vertical planesy = -ax (through Pand A) and y = ax (through P and B), and a plane of arbitrary angle
through A and B, (y-y,) = b'(z-z,). If the side AB is the intersection of two separate spheres, b'
depends on the particular geometry. In generad, this plane intersects the sphere in a circle but not a
great circle; theintersection is like a circle of latitude rather than longitude. When b = b, that circle
isagresat circle, and we can choose b = b' if the Sde AB is aboundary between two spherical triangles
on the same sphere (a subdivision of a given spherica polygon).

Inthe case that b = b', we can consider half of this figure (divided by the planey = 0) and use

the law of sines of spherical geometry [12]:

sna _ snB _ sny

sna snb snc

3)

where «, 3, and y are the angles of a spherica triangle (composed of great circles) and a, b, and c are

the opposite arc lengths in radians, and the spherical triangle area formula:
A=a+B+y-m= (4)

for the area A of a spherical triangle (composed of great circles) on a unit sphere and thus for the
solid angle subtended by the triangle. When b = b, the volume of the object in Fig. 5 is then the
volume bounded by the sphere and the planesy = ax, y = -ax, and z = by, all of which intersect at the
spherical center, minus the volume of the pyramid bounded by y = ax, y = -ax, z = by, and z = z,.

Thisvolume V, isthen:

+ 9n°

_ 21 B
vV, = 5sm [ Exoyozo (5)

1
JbZ + 141 - 2

We next consider the wedge-like volume V, bounded by the sphere and two planes through

points A and B, avertical planey =y, and a danted plane z = by. In Cartesian coordinates, this



volume is given by the following multiple integral, which reduces by a tedious but straightforward

caculaion[y,, = (0> + 1)¥7 to:

Yma V102 Dy2 Y1 xPy? bx 13 . 4 X
Vixb)=2] dy ]k [ dz = oYy 2Yo) SN
Yo 0 by 3(b“+1) Xg +2¢
6
b? + 1- b® b? + 1- b® ©
b 1. 1-y . 1+y,
+ Eymax\/yrﬁax - yo2 + 5s|n 1 O +dnt 0
b2 + 1 b2 + 1

We then note that, from geometrical considerations, V, depends only on the distance between
points A and B, here 2x,, and the angle between the two planes, here cot * b. Thusthe volumein
Fig.5isV, -V, , whereV," = V, (X, b”) and cot* b” = cot*b- cot*b'.

This result has been extensively checked by comparison with three-dimensional Monte Carlo
integration and by one-dimensional quadrature integration over the final dimension of the analytic
solution, and against an aternative analytic expression for V,-V,. With these results, we thus have
the capacity in principle to calculate the free volume in closed form for fixed orientation of the test
molecule. The partition function, Eg. (1), then requires only atwo-dimensional numerical integration
over the two angular variables. The solution can aso be compared with a previous analytic result for

hard spheres [13] which corresponds to the limiting case L™ = 0.

Conclusions

For the d-dimensional lattice, the cell model requires integration over d spatial and (d-1) angular
variables. We have shown for 2 and 3 dimensions that the spatial integration can be done in closed
form, leaving an angular integral to be done numericaly.

Work isin progressto caculate the complete integral for the smple CP1 3-dimensiond lattice [5],
as has been done here for a specific example of the two-dimensiona lattice. The challenge is to

develop an efficient and reliable algorithm to specify the spherical polygon free volume boundaries



for agiven test molecule orientation. In the space of spherical angles 0 and ¢, the volume function
is smooth over specific domains of (0, ¢) space but will have derivative discontinuities at those
domain boundaries, in analogy with Fig. 4. We will then search for the combination of quadrature
methods which are best able to perform the angular integration accurately and efficiently, and will
compare with results from Monte Carlo integration. 1f successful, the methods will be extended to

other homonuclear and heteronuclear dumbbell lattice structures.
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FIGURE CAPTIONS

Fig. 1. Geometry for Eq. 2. For the test molecule of fixed orientation along the x direction, L and
R are the centers of the left and right atoms. The molecule slides along the cage atom with center
A along acircle (or sphere in 3 dimensions) with center B, where AB = LC.

Fig. 2. Simple oblique lattice at 25% expansion for two-dimensiona hard dumbbellsof L'= 0.5. The
test dumbbell islabeled 1, the cage dumbbells 2 through 7 as shown. For each dumbbell the left
disk islabeled L and theright disk R. The test dumbbell a an angle of 35 ° is shown in the 4R-2L
bridge (dashed curve), 7R-2L bay (solid curve) and 8L-8R waist (dotted curve).

Fig. 3. Boundary of the free area for the center of mass of atest dumbbell in a cage expanded by
15% at an angle of (a) -1 ° and (b) 36 °, where each arc is labeled by its center. In case (b), the only
allowed regions are the two small triangle-like areas.

Fig. 4. Free area of atest dumbbell in a cage expanded by 15% as a function of orientation angle
(dotted curve). Angular intervals are labeled as in the text, where CW is clockwise and CCW is
counterclockwise.

Fig. 5. Diagram of the three-dimensional figure for which an analytic expression for volume is
derived, as observed from below. P (0,0,1) isthe pole of the sphere and A (-X,, Y,, Z,) and B
(X0, Yo Zo) are at the corners of the figure.
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